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Electronic Bloch oscillation in bilayer graphene gradient superlattices
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We investigate the electronic Bloch oscillation in bilayer graphene gradient superlattices using
transfer matrix method. By introducing two kinds of gradient potentials of square barriers along
electrons propagation direction, we find that Bloch oscillations up to terahertz can occur. Wannier-
Stark ladders, as the counterpart of Bloch oscillation, are obtained as a series of equidistant transmis-
sion peaks, and the localization of the electronic wave function is also signature of Bloch oscillation.
Furthermore, the period of Bloch oscillation decreases linearly with increasing gradient of barrier
potentials.
Bloch oscillation (BO) describes the periodic motion
of charged particles in crystals when the particles are
subjected to a uniform external electric field[1]. In 1928,
Bloch and Zener predicted that an electron in crystals ex-
perienced BO both in momentum and the real space[2]
when a homogeneous static electrical field is applied,
which is known as electronic Bloch oscillation (EBO).
In the earlier times, this concept has led to a long time
controversy[3] because of the issues that a constant ex-
ternal electronic field causes an oscillation current while
there were no experimental realizations at that time.
EBO is difficult to be observed in regular crystals because
scattering destroys the coherence of Bloch states before a
single BO can be completed[4, 5]. The frequency counter-
part of BO is the Wannier-Stark ladders (WSLs), a series
of energy levels separated by a constant value[6]. Later
until 1992, the appearance of semiconductor superlat-
tices, which have a long periodicity d and a narrow mini-
band width, makes the observation of EBO and WSLs
possible[7–9]. Since then, BO has been investigated ex-
tensively in semicoductor superlattices both theoretically
and experimentally[2, 9].
Recently, the experimental realization of graphene
superlattices[10, 11] has drawn much attentions[12–22].
In graphene, the low-energy charge carries behave as
massless Dirac fermions, which leads to many interest-
ing electronic properties, and the bilayer graphene (BLG)
provides a semiconductor with a gap tunable by the elec-
tric field effect[23, 24]. For BO, it has important po-
tential applications, such as designing infrared detectors,
emitters, or lasers which can be tuned in the terahertz
frequency range simply by varying the applied electric
field[25, 26]. This raises the questions of the existence
and interesting properties of BO in graphene-based su-
perlattices (GSLs). However, only a few works showing
properties of BO related with graphene until now[17–22],
and its experimental realization is still in vacancy.
In this letter, we investigate EBO in bilayer graphene
gradient superlattices, and propose a general way to con-
trol the BO. BLG is an attractive candidate for transis-
tor applications since it has a tunable gap which varies
in proportion to the electric field perpendicular to the
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FIG. 1: (Color online)The potential structures of BLG GSLs.
(a)the linear gradient ∆V in the potential weights of barriers
A and B. (b)the increasing ∆w in the widths of barriers and
wells in the front half and the decreasing ∆w in the rear half
of the whole structure.
layers[27]. By studying the band structures, transmis-
sion spectrum and wave functions, it is significant to see
that terahertz Bloch oscillations and WSLs can be gen-
erated in BLG GSLs. The band structures are spatially
titling and separated by gaps, and WSLs are seen as a
series of equidistant transmission peaks. Moreover, the
wave functions localize spatially, which also works as the
evidence of BO.
Fig. 1 shows the system of BLG GSLs. In Fig. 1(a),
we introduce a gradient in the potential height of higher
barriers (A) and lower barriers (B) by decreasing ∆V per
period. Here, A (B) denotes alternating barriers VA(VB)
with the widths wA(wB). A period contains VA and VB .
At the ith period, the potentials with coordinate can be
expressed briefly as VA(x)=VA1 − ∆V × (i − 1) when
Λ × (i − 1) ≤ x ≤ Λ × (i − 1) + wA and VB(x)=VB1 −
∆V × (i− 1) when Λ× (i− 1) + wA ≤ x ≤ Λ× i, where
1 ≤ i ≤ N , N is the number of period and Λ=wA + wB .
In Fig. 1(b), we introduce a gradient ∆w in the widths of
2barriers (A) and wells (B) while keeping other parameters
constant. In the same period, the width of barrier and
well is the same. At ith period, the width of barrier
(or well) is wi=w1 + ∆w × (i − 1) when 1 ≤ i ≤
N
2 ,
and wi=wN + ∆w × (N − i) when
N
2 ≤ i ≤ N . Here
the potential structure is symmetric so w1=wN . As one
will see in Fig. 6, this specific structure can make an
interesting and symmetric band structure.
We consider the one-particle Hamiltonian for BLG
Hˆ =

V (x) pi t′ 0
pi† V (x) 0 0
t′ 0 V (x) pi†
0 0 pi V (x)
 , (1)
where V (x) is the electrostatic potential, t′ is the inter-
layer coupling, the momentum operators pi = −i~υF [
∂
∂x
−
i ∂
∂y
], pi† = −i~υF [
∂
∂x
+ i ∂
∂y
], υF ≈ 10
6m/s is the Fermi
velocity. This Hamiltonian satisfies the eigenequation
HˆΦ=EΦ, where Φ is a four-component spinors Φ =
(ϕ˜1, ϕ˜2, ϕ˜3, ϕ˜4)
T
. Due to the translation invariance in
the y direction, the wave function can be rewritten as
ϕ˜m = ϕme
ikyy, m = 1, 2, 3, 4. The solution of eigenequa-
tion leads to a transfer matrix
Mj(∆x,E, ky) =
(
Mj+ 0
0 Mj−
)
(2)
which connects the wave function at any two points inside
the jth potential, and
Mj± =
( cos(qj∆x∓Ωj)
cosΩj
i
kj
qj
sin(qj∆x)
i
k′j sin(qj∆x)
kj cosΩj
cos(qj∆x±Ωj)
cosΩj
)
)
. (3)
Here Ωj=arcsin(ky/k
′
j), kj=(E − Vj)/~υF , k
′2
j =k
2
y + q
2
j ,
t′ →t′/~υF , and qj=sign(kj)
√
k2j − k
2
y − t
′kj . The en-
tire transfer matrix X=
∏2N
j=1Mj(wj , E, ky) is for the
whole structure. We also get the reflection coefficient
r=r(E, ky) and the transmission coefficient t=t(E, ky)
r =
(k′/k)(x22e
iΩ0 − x11e
iΩe)− (k′2x12e
i(Ω0+Ωe) + x21
(k′/k)(x22e−iΩ0 + x11eiΩe)− (k′2x12ei(Ωe−Ω0) − x21
(4)
t =
2(k′/k) cosΩ0
(k′/k)(x22e−iΩ0 + x11eiΩe)− (k′2x12ei(Ωe−Ω0) − x21
.(5)
xi,j(i, j = 1, 2) is the element of total transfer matrix X .
Meanwhile, if we define a matrix Q as
Q(∆xj , E, ky) =Mj(∆xj , E, ky)
j−1∏
n=1
Mn(wn, E, ky), (6)
here wn is the width in the nth potential and the matrix
Q denotes the transport of particles in the x direction.
So the wave functions ϕm at any coordinate xj−1 +∆xj
ϕm = (1 + r)Qm1 + (k
′/k)Qm2(e
iΩ0 − re−iΩ0 )
+ (1 + r)Qm3 + (k
′/k)Qm4(e
iΩ0 − re−iΩ0 ) (7)
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FIG. 2: (Color online) Trace maps as a function of the depth
with (a) ∆V=2.5meV, (b) ∆V=6meV for N=20, t′=40meV,
wA=25nm, wB=15nm, VA1=150meV, VB1=50meV and
ky=0.
where m=1,2,3,4 and Qmn are the elements of matrix Q.
It is conveniently to calculate the band structures,
transmission spectrum and reflection coefficient by trans-
fer matrix method[15]. Fig. 2 represents the trace maps
for two situations with the change of the depth in the sys-
tem shown as Fig.1(a). One can see that the minibands
(white) and minigaps (gray) incline under the external
inclined potential, which implies that the band edges de-
pend linearly on the depth of sample. The trace maps
becomes titling, thus the occurrence of BO becomes pos-
sible. In Fig. 2(a), the white line in bandgap denotes the
central position of zero-k¯ gap[28], and we highlight two
regions called region I and region II using two adjacent
horizonal lines. EBO usually takes place in these regions,
so we call them Bloch zone. Certainly, there shall be a
general condition for such occurrence of BO, which will
be discussed latter. Compared with Fig. 2(a), a larger
∆V makes the structure more tilting and the two Bloch
zones overlap. Assuming that an electron with energy of
75meV, as the red arrows show, it will oscillate in the left
band. Because of the overlap of the Bloch zone, electrons
may resonant tunnel from the left miniband to the right
and oscillate in the right band, which is called Zener tun-
neling. Thus, Bloch-Zener oscillation takes place. We
could have a better understanding of this phenomenon
with transmission spectrum in Fig. 3.
Figs. 3(a) and (b) show the behavior of transmission
spectrums. From Figs. 3(a), one can see that there are
several transmission peaks equally spaced by ∆EB , which
demonstrates the formation of WSLs, but electrons are
totally reflected when the incident energy is outside of
the Bloch zone. ConductanceG is a remarkable transport
factor[13, 28, 29], which are plotted in Figs. 3(c) and (d),
corresponding to Figs. 2(a) and (b), respectively. Obvi-
ously, G shows equally spaced peaks and the positions of
these peaks are the same with transmission spectrum in
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FIG. 3: (Color online) Transmission spectrum (a) and (b),
and conductance G (c) and (d) as a function of Fermi energy.
The parameters of (a) and (c), (b) and (d) are corresponding
to Fig. 2(a) and Fig. 2(b), respectively.
FIG. 4: (Color online) The distribution of transmission spec-
trum [(a) and (b)] with energy and ky corresponding to Figs.
2(a) and 2(b).
Figs. 3(a) and (b). In Figs. 3(b) and (d), one can clearly
see that Bloch-Zener oscillation occur even though the
BO takes the main part because electrons can transmit at
the whole energy range. The main parameter ruling the
dynamics of BO is the oscillation period TB = h/∆EB,
where h is the Plank constant. The TB shown in Figs.
3(a) and (b) is 1.64ps and 0.69ps, respectively. Their
oscillation frequencies, locate at terahertz.
WSLs, with an energy separation ∆EB between ad-
jacent resonance, are frequency domain counterpart of
BO. BO is quantum-interference phenomenon involving
Wannier-Stark states[30]. As one can see, WSLs are seen
as colorized horizonal lines equally spaced with ∆EB in
Figs. 4(a) and (b), and their positions are correspond-
ing to the transmission peaks in Fig. 3 greatly. Here
WSLs are also direct evidence for the occurrence of BO.
Moreover, the transmission values vary with ky in Fig.
4, which means transmission spectrum is sensitive to the
incident angles. The transmission value takes maximum
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FIG. 5: (Color online) The evolutions of [(a) and (b)] |ϕ1|
2
and |ϕ2|
2 with of depth corresponding to Figs. 2(a) and 2(b)
for E=76.0639meV (a) E=62.2676meV (b) at ky = 0.
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FIG. 6: (Color online) Dependence of band-gap structure on
(a) lattice constant w, (b)barrier potential and (c)t′. (d) The
influence of potential gradient ∆V and t′ on TB.
value when electrons are at normal incident.
In Figs. 5(a) and (b), we plot the wave functions de-
fined by Eq. 7, corresponding to Figs. 2(a) and (b),
respectively. We find that ϕ1 and ϕ3(ϕ2 and ϕ4) have
the same values because of the symmetry of Hamiltonian.
The incident energy of electrons in Fig. 5(a)matches one
of the transmission peaks in Fig. 3(a) rather well. Fig. 5
(a) demonstrates that wave functions are highly localized
from 100nm to 700nm, which corresponds to Fig. 2(a)
perfectly. The localized wave functions means electrons
oscillate at this region. Intriguingly, the wave functions
localize at two parts of the system, see Fig. 5(b). This
can be explained by the effect of Bloch-Zener oscillation.
40 500 1000
45
50
55
60
65
70
75
80
85
90
95
E(
me
V)
x(nm)
(a)
50 60 70 80 90
0
0.2
0.4
0.6
0.8
1 (b)
T=
|t|2
E(meV)
0 500 1000
0
2
4
6
8
10
x 104
(c)
x(nm)
Pr
ob
ab
ilit
y 
de
ns
itie
s
 
 
|ψ1|
2
|ψ2|
2
FIG. 7: (Color online) (a) Band structure correspond to Fig.
2 (b), ∆w = 2nm. (b)Transmission spectrum, and (c) Distri-
bution of probability density with E=67.71meV.
Finding a general condition to control the BO is more
useful. In Fig. 6(a), we define the zero-k¯ gap as the center
and label the gap (G denotes its width) and minibands(B
denotes its width) from center in order. Combining with
Fig. 2, the general condition for occurrence of BO can be
expressed as B1 ≤ ∆V × (N − 1) ≤ B1 +G1. For Bloch-
Zener oscillation, it is ∆V ×N ≥ B1+G1. Thus one can
control the occurrence of BO by adjusting the number
of period N or the gradient of potential ∆V . But the
width of minibands and gaps is dominated by several pa-
rameters such as potential values and barrier’s width and
interlayer coupling. Fig. 6(a) shows the width of gaps
and minibands highly depend on the barriers’ widths,
and Figs. 6(b) and 6(c) show the effect of potential val-
ues and t′, respectively.
The domain parameter in BO mechanic is the fre-
quency and we study the effect of t′ and ∆V on TB in
Fig. 6(d). It is obvious that TB decreases linearly as
∆V increases, which provides a proper way to control
the Bloch frequency. A much larger t′ is necessary for
the developing of BO as the gaps become larger with a
larger t′, which is helpful for the reflection of electron at
the boundary of minibands.
In another system shown as Fig. 1(b), BO can also
emerge. In the vicinity of zero-k¯ gap shown as white
horizonal line in Fig. 7(a), system has robust transport
properties. The band structure is symmetric and changes
non-linearly with depth of sample, but the zero-k¯ gap
stays at the same position. There is also a Bloch zone
at 60-80meV. Different from the transmission spectrum
in Fig. 3, the distance between the peaks in Fig. 7(b)
is not the same. Wave functions localize at some special
regions shown as Fig. 7(c), which coincides perfectly with
the band structure, as the red arrows shown in Fig. 7(a).
In summary, EBO and Bloch-Zener oscillation in two
kinds of BLG GSLs are investigated. It is found that ter-
ahertz BO and WSLs can be generated in BLG GSLs. In
our systems, the band structures are spatially titling and
separated by gaps. WSLs appear as a series of equally
spaced transmission peaks. By changing the potential’s
gradient (height or width), BO’s period can be tunable
linearly. Our proposal is in principle possible realized by
time-resolved electro-optic technique[31–33]. These re-
sults may be important to the applications in graphene-
based electronics[16–19].
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